ORBITAL FREE ENTROPY, REVISITED 



YOSHIMICHI UEDA 

Abstract. We give another definition of orbital free entropy introduced by Hiai, Miyamoto 
and us, which does not need the hyperfiniteness assumption for each given random multi- 
variable. The present definition is somehow related to one of its several recent 'generaliza- 
tions' due to Biane and Dabrowski, but completely agrees with the original definition and 
much closer to the original approach. 



1. Introduction 

Let {M, t) be a tracial non-commutative W^* -probability space throughout the present paper. 
We cah any tuple X = (Xi, . . . , Xr) of self-adjoint elements in a (non-commutative) random 
multi- variable. When the tuple X consists of just one element, i.e., X — {X), the random multi- 
variable should be regarded as nothing less than a (non-commutative) random variable X. We 
want to measure how far the joint distribution of given random multi- variables Xi, . . . , X„ are 
from that of freely independent copies of those, i.e., a freely independent family Yi, . . . , Y„ 
such that each Y^ has the same joint distribution as that of X^. The first one of such quantities, 
called the free mutual information, i*(W^*(Xi) ; . . . ; W^*(X„)), was introduced by Voiculescu 
[T5] in the so-called microstate-free approach to free entropy, where W^*(Xi) denotes the von 
Neumann subalgebra of M generated by (the random variables in) X^. Almost 10 years later 
then, the second, called the orbital free entropy, Xorb(Xi, . . . , X„), was introduced by Hiai, 
Miyamoto and us 0] in the so-called microstate approach. Those two quantities possess many 
nice properties in common, and hence we may conjecture that those essentially define the same 
quantity under a suitable set of assumptions. In the direction a heuristic argument supporting 
the conjecture was given in '6] when n — 2 and each of those Xi,X2 consists of just one 
projection, and soon after then it was confirmed in a different way with the help of M. Izumi 
under a certain set of assumptions on those projections. Hence we have thought that the 
conjecture is plausible (but, of course, very difficult like the question of whether or not x — X* 
holds). On the other hand, those quantities i* and Xorb have individual defects: Nobody knows 
whether or not 

X* (A, Y)^-i* {W* (A) ; W* {¥)) + x* (A) + x* {Y) 
holds; Xorb is unfortunately defined only when each W*{X.i) is hyperfinite, though it satisfies 
that 

n 

x(Ai, . . . , A„) = Xorb(Ai, . . . , A„) + ^ x{Xi). (1.1) 

i=l 

Recently Biane and Dabrowski [3j proposed various 'generalizations' of Xorb that does no longer 
need the hyperfiniteness assumption on the M^*(Xi)'s, though they identified one of those with 
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original Xorb only when W* (XiU- • -UXn) is a factor (and, of course, each W* (X^) is hyperfinite) . 
Motivated by their work we give another definition of original Xoib that works without the 
hyperfiniteness assumption, and prove almost all the expected properties of Xorb including 
the following: The orbital free entropy Xoib(Xi, . . . , X„) depends only on the W^*(Xi)'s, and 
moreover Xorb(Xi, . . . ,X„) = if and only if the X^'s have f.d.a. and are freely independent. 
However, we do not know whether or not the counterpart of (jl.ip holds in general, and at the 
moment we can prove only the inequality 

n 

x(Xi U • • • U X„) < Xorb(Xi, . . . ,X„) + ^ x(X.). (1.2) 

i=l 

It is apparently our task for the future to answer the question of whether or not equality in 
(jl.2l) holds in general. Here we would like to emphasize that many arguments given in the 
present paper originate in [3], and the technical ingredients here, similarly to [3], are only three 
non-trivial previous results, two of which are due to Voiculescu and the other is due to Jung, 
summarized in [4l §1]. 

With the new definition of Xorb one can generalize orbital free entropy dimension (5o,oib to 
arbitrary random multi- variables, and we see that Jung's covering/packing approach still works 
well without the hyperfiniteness assumption. However, the formula [4, Theorem 5.6], analogous 
to (jl.ip . for (5o,orb and free entropy dimension Sq is out of reach without the hyperfiniteness 
assumption. Moreover, we do not know at the moment whether or not even the analogous 
inequality to (jl.2l) holds for (5o,oib and Sq in general. Answering this should also be our task for 
the future. 

In the present paper, we denote all the N x N matrices by M^, all the self-adjoint N x N 
matrices by M^, and tuples of such matrices by letters A, B, etc., called multi-matrices, while 
letters X, Y, etc. stand for random multi- variables as before. The normalized trace on the 
N X N matrices Afjv is denoted by tr^r. The Lebesgue measure on Mff = is also denoted 
by Ajv. The operator norm is written as || — ||oo, while the p-norm (1 < p < oo) determined by 
^ = T or trAT is defined to be := ip{\x\Py/P. Write (M|f)i? {A e Af|f | ||yl||oo < R}- 

The N xN unitary group is denoted by U(iV) and its unique Haar probability measure by 7u(Ar) . 
The regular Borel probability measures on a locally compact Hausdorff space X is denoted by 
V{X). 

2. Orbital Free Entropy Xoib(Xi, . . . , X„) 

Let Xi = (Xii, . . . , Xir(^i)), 1 < i < n, he arbitrary random multi-variables in (A^,t), 
and i? > be given possibly with R — oo. Let m G N and (5 > be given. The set of 
microstates rij;(Xi U • • • UX„ ; N, m, 6) is defined to be all the N x N self-adjoint multi-matrices 
A, = (Aa, . . . , Ari^)) e {{Mff)RY^'\ l<i<n, such that 

\tTNiA,,j, ■ ■ ■ A,,j, ) - t{X,,j, ■ ■ ■ X,,j,)\ < S 

whenever 1 < ik l£ 1 < < ?'(*&), I < k < I and 1 < I < m. Similarly the set of microstates 
r/j(Xj ; N,m,d) are defined for each random multi- variable X^, 1 < i < n. Consider the map 

$^ : V{Nr X (nr=i {MI.^Y'^'^) nr=i {M^nY^^^ defined by 

<I>Ar((CA)Li,(AOILi):= {U,A,U*)U 
with UiAiU* {UiAnU* , . . . , UiAir{^i)U*). Here is a new definition of the orbital free entropy 

Xorb(Xi, . . . ,X„) (4]. 
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Definition 2.1. For each N,m e N, 5 > and e ^PdlLil*^^^)'^^'') define 

Xorb,fl(Xi, . . . , X„ ; iV, TO, ,5 ; A*) := log ((7§('V) ® A')(*^'(rfl(Xi U • • • U X„ ; A^, m, S)))) , 
Xorb,i?(Xi, . . . ,X„ ; N,m,S) := supXorb,_R(Xi, . . . , X„ ; N,m,S; 

Xorb,ii(Xi, . . . ,X„ ; TO, J) :=linisup-|^Xorb,_R,(Xi,...,X„; N, 111,6), 
Xorb,_R(Xi, . . . , X„) := Jini^ Xorb,fi(Xi, . . . , X„ ; to, (5) 

<5\,0 

= inf Xorb.fl(Xi, . . . ,X„ ; TO,(5), 

meN 
5>0 

Xorb(Xi, . . . , X„) := sup Xorb,_R(Xi, . . . , X„) 
0<-R<oo 

with logO := —00. 

It will be seen in Proposition l2 .41 that the above quantity turns out to agree with the quantity 
appeared in [31 Theorem 7.3 (7)]. Although the reformulation of Xorb given there is probably 
easier to use in many actual computations of Xorb, the above definition has a bit advantage in 
some arguments, see Proposition [2]8] and Remark 12.91 (also Theorem 12.61 f5)). 

Let us first prove that the new definition of Xorb perfectly agrees with the previous one 
when each W*{X.i) is hyperfinite. Recall the necessary notations that appear in the previous 
definition of Xorb- For given multi-matrices = S (M^)''(*\ 1 < i < n, the set of 

orbital microstates ForblXi, . . . , X„ : (Ai)"^;^ ; N,m,5) is defined to be all (C/i)f^i G U(iV)" 
such that {UiKiU*)2=i & roo(Xi U • • • U X„ ; N,m,S). It is trivial that if some A^ sits in 
((M^^)i?)'-« \ rfl(X, ; N, TO, ,5), then TorbCXi, . . . , X„ : (A,)?=i ; N, to, 6) = 0. The next simple 
fact is behind the above definition and indeed will explain a relation between usual microstate 
spaces and orbital microstate spaces; thus we display it as a separate lemma. 

Lemma 2.2. For every R > possibly with i? = 00 the function 

(A.)r=i e n ((M^NnRy^'^ ^ l^iN) (rorb(Xi, . . . , X„ : (A,)r=i ; N, m, S)) 

l<i<n 

is Borel, and 

i^v{N) ® A^)(*w'(ri?(Xi U • • • U X„ ; TV, m, (5))) 

7u(lv) (rorb(Xi, . . . , X„ : (AOr=i ; N, TO, S)) dfi 

nr=i((M-)fl)'-(o 

7?(lv) (rorb(Xi, . . . , X„ : (A,)r=i ; N, m, S)) dp. 

niLirH(Xi;Ar,m,5) 



holds for every probability measure pi G ^(ni"=i(-^^j 
Proof. For each (A,),"^i e Hjlill^^lf it is trivial that the (A,)f^i-section 

{([/.).=! e u(7V)" I (((7,or=i, (AOr^i) e <i>^'(rfl(Xi U • • • U X„ ; N,m,5))] 

= e u(iv)" I (c/,A,c/;):[Li e r^xxi u • • • u x„ ; iv,TO,5)} 

coincides with ForblXi, . . . , X„ : (Ai)"^j^ ; N,m,S), which clearly becomes the empty set if 
e nr=i((^w)fl)''^*^ \ nr=irfl(X, ; N,m,S) as remarked before. Hence the desired 
assertion immediately follows by the Fubini theorem or the definition of product measures, see 
e.g. [TUl. Chap. 8]. □ 
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If W* (Xi) is hyperfinite, one can choose a sequence of multi-matrices Si(iV) — (^^ ^ 
(M-)'-(^) in such a way that ||6j(^)l|oo < ||X,,||oo and hm^^oo iTr^(P(S,(7V))) = t(P(X,)) 
for every P G C(Xj) = C{Xii^ . . . , Xjr(i)), the non-commutative polynomials in Xn^ . . . , ^^^(j-), 
where P(S,(A^)) P(6i(iV), . . . ,e„(,)(iV)) and P(X,) := P{Xa, ■ ■ ■ as before. 

Proposition 2.3. (Agreement with the previous definition) With the hyperfiniteness of each 
W*(X.i), I < i < n, and the notations above we have 

Xorb,_R(Xi, . . . , X„) 

= ^l\m^ hmsup log (7^" (ro.b(Xi, . . . , X„ : (S,(7V))r=i ; N, m, S))) (2.1) 

as long as R > max{ 1 1 ^ 1 1 00 | 1 < J < 1 !i * !i '^}- T^^^e right-hand side is nothing less 

than the previous definition o/xorb(Xi, . . . ,X„), and hence the new definition agrees with the 
previous one when every W*(X.i) is hyperfinite. 

Proof. Let m £ N and (5 > be arbitrarily fixed. For all sufficiently large N E N one has 
'B.i{N) € TuCX-i ; N, m, S). With /i — <5(H.(Ar))"_^ , a unit point mass, one has, by Lemma [2.21 

Xorb,_R(Xi,...,X„; N,m,S) > Xorb.7?(Xi, . . . , X„ ; N,m,S; 

= log (7§("^) (ro,b(Xi, . . . , X„ : (S,(7V))r.i ; iV, m, 5))) 

for all sufficiently large e N. It follows that Xorb,_R(Xi, . . . , X„) is not smaller than the 
right-hand side of (12. ip . Hence we need to prove that the reverse inequality; namely it suffices 
to prove that for each m G N and 5 > Q there are m' G N, ^' > and A'q S N such that 

7uuv) (rorb(Xi, . . . , X„ : (A,)r=i ; m', 5')) 

<7?(%(rorb(Xi,...,X„ : (S,(Af))f^i; 7V,m,J)) (2.2) 

for every N > Nq and (Aj)f^;^ e llz=i^RO^i ; N,m\5'). In fact, this and Lemma O imply 
that 

Xorb,_R(Xi, . . . , X„) < Xorb,fl(Xi, . . . , X„ ; m', 5') 

< hmsup log (7^" ) (rorb(Xi, . . . , X„ : {E,iN))^^, ; A^, m, 5))), 

which implies the desired inequality as taking the limit of the rightmost as to —> 00 and (5 \, 0. 

Applying Jung's theorem '9^ (see [4, Lemma 2.1]) to all X^'s one can find m' e N and S" > 
in such a way that for each N E N, each 1 < i < n and each Bi = {Bu, . . . , i?ir(j-)), B2 = 
{B2i,...,B2r(i)) e roo(Xj; N,m',5") there is a single unitary U = J7i(Bi,B2) e U(A^) such 
that \\Bij - UB2jU*\\i^u^ < (5/(2m(i?-H 1)"-!) for every 1 < j < r{i). Let A^o e N be chosen 
so that every Sj(A^) falls in TuCKi ; N,m',S') as long as A^ > Aq. Let (5' > be such that 
S' < min{(5",(5/2}. Then for every iV > A^o and every {Ai)f^^ E nLiri?,(X, ; N,m',S') one 
can prove (see the proof of 4, Lemma 4.2]) that 

rorb(Xi,...,X„ : (A,)r=i; Ar,TO',,5') 

cro,b(Xi,...,X„ : (S,(A^)):['^i; A^,TO,5).(Fi,...,T4) 

holds with := Ui{Ai,Ei{N)) E U(A^), 1 < i < n. Hence (P?^ is immediate due to the 
right-invariance of the Haar probability measure 7u(Ar)- D 

The next proposition re-defines Xorb,i?(Xi, . . . , X„) and shows a certain relationship between 
our new Xorb and Biane-Dabrowski's Xorb as promised before. 
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Proposition 2.4. (Yet another definition of Xorb) With 
Xorb,_R(Xi, . . . , X„ ; N, 171,6) 

:= sup log(7^("^)(ro,.b(Xi,...,X„:(A,)r=i;^,m,5))) (2.3) 



sup log (7X)(rorb(Xi, . . . ,X„ : (A,Or=i ; N,m,5))) 



(defined to be — oo if some Tj^(X.i ; N,m,d) — 0) we have 

Xorb,fl(Xi, . . . ,X„) = Jim^linisup-^Xorb,_R(Xi,...,X„; N, 171,6). (2.4) 

Jn particular, our Xorh is not greater than Biane-Dabrowski's Xorh in general, and both coincide 
at least when VF*(Xi U • • • U X„) is a factor. 

Proof. By definition the second equahty in (12.31) is obvious. 
By Lemma [12] we have 

Xorb,i?(Xi, ...,'X.n;N,m,S;n)< Xorb,fl(Xi, . . . , X„ ; iV, to, S) 

since /i is a probabihty measure and t G [0, +00) i— > logt G [—00, +00) with logO := —00 is 
monotone. This immediately implies inequality '<' in (j2.4p . Hence it suffices to prove inequality 
'>' in (j2.4p when the right-hand side is finite, i.e., 7^ —00. Since the limit as to — cx) and (5 \ 
is actually the infimum over to e N and 5 > 0, we may and do assume that for every to G N 
and S > there is a subsequence A^i < iV2 < • • • so that Xoib,fl(Xi, . . . , X„ ; N^, to, S) > —00 
for all fc G N and 

limsup-i^Xorb,_R(Xi,...,X„; N, 111,6) = lim --^Xorb,_R(Xi, . . . , X„ ; Nk,m,S). 

For each fc G N one can choose A^'^'' G {{Mff)j^)^^^\ 1 < i < n, in such a way that flN^, :— 
'^(A*'"')" ^ ^(n"=i(^^fc)^'^^'^)' ^ point mass, satisfies that 

Xorb,fl(Xi, . . . , X„ ; Nk, TO, (5) - 1 < Xorb,fl(Xi, . . . , X„ ; Nk, to, S ; ^atJ 

< Xoib,i?(Xi, . . . , X„ ; Nk,m, S), 

and hence 

limsup-^Xorb,fl(Xi,...,X„; TV, TO, ^) = lim -^Xorb,_R,(Xi, . . . , X„ ; TV^, to, 5) 

1 



< limsup — 2 Xorb,fl,(Xi, . . . ,X„ ; Nk,m,6) + 1 

fc-i-oo JVj. V 

< Xorb,_R(Xi, . . . ,X„ ; TO, (5). 

Therefore, the desired inequality follows. 

The rest is an immediate consequence from the proof of [3, Theorem 7.3 (7)]. □ 

The next lemma shows that the procedure of cut-off R > that appears in the definition 
of Xorb is inessential. The proof below technically originates in [11, Proposition 2.4] and [U 
Lemma 2.3]. 

Lemma 2.5. We have Xorb(Xi, . . . ,X„) = Xorb,7?(Xi, . . . ,X„) if p:= max{||Xy||oo | 1 < 
j < '"(i)j i < i < n} possibly with R = 00. 
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Proof. Define the function / : R ^ [-1, 1] by f{t) = t ioi t e [-1, 1], f{t) = -1 for t < -1, 
and f{t) = 1 for t > 1. Choose an arbitrary p, and set := Rf{t/R) for t e M. 

Let m e N and (5 > be arbitrarily fixed. Set L niax{(p2™ + l)i/2m^^j. ^ ^ Choose 
< S' < min{ 1,(5/2}. One can choose an even m' G N in such a way that m' > m and 
R{{p/R)"'' +(5'/i?™y/" < (5/(2toL™-1). Let = {AijY/^l e roo(Xi; N,m',S') be given. 
Then one has trAr(A™ ) < p™ + 6' if m" is even and not greater than to'. Since trjv(/) — 1, 

one has || ~ ||p,tr„ < II - llg.trjv if 1 < P < 9, and hence ||Ay |jp,trjv < ll^ij lUm.trjv < as long as 
p < 2m. If Ai, . . . , Aat are the eigenvalues of Aij with counting multiplicities, one has 



(1 , — , I A ^\ l/^Tl / 1 



|Aj|>_R " |Aj|>fl 



< i?(trA.(^^0/^"y^™ < i?((p/i?)'"' +'57i?"T^" < 2^L. 

ThereforeCif (J7i)?=i e ro,.b(Xi, . . . , X„ : (A,)?^i ; TV, to', 5'), then one has 

Itr^m Jr{A,,,)U*^ ■ ■ ■ U,Jn{A,j,)Ul) - t(X,,,, • ■ ■ X,,,,)\ 

< \tTN{U.jB.{A^n)K ■ ■ ■ U^JB.{Aa:)U*) " trA^ (C/., A,,,, (7* • • • U*A,,,Ul)\ 
+ |tr^((7.,A,,,,C/* • • • {/,,A,,,C/*) - r(X,,,, • ■ ■ X,,,,)\ 

fc=l 

for every 1 < jfe < r{ik), l<ikl£n, l<k<l and / < to, where the second inequality is 
shown by the so-called generalized Holder inequality and the third follows from the previous 
estimate together with the unitary invariance of p-norms. Hence {Ui)^^-^ E ForblXi, . . . , X„ : 
{fB.{-^i))7=i ; N,m,6). Consequently, we get 

Xorb,oo(Xi,...,X„; N,m',5') < Xorb,_R(Xi, . . . , X„ ; N,m,S). 



This implies that Xorb,oo(Xi, . . . ,X„) < Xorb,fl(Xi, . . . ,X„) by Proposition 12.41 Hence we are 
done. □ 

Here are almost all the expected properties of Xorb- 
Theorem 2.6. We have: 

(1) Xorb(Xi,...,X„) < 0. 

(2) Xorb(Xi, . . . ,X„) = —OO i/XiU- • -UXn does not have finite dimensional approximates 
(have f.d.a. in short) in the sense of \12\ Definition 3.1]. 

(3) Xorb(X) — OifX. has f.d.a.; otherwise — oo. 

(4) Xorb(Xi, . . . , X„' , Xn' + i, . . . , X„) < Xorb(Xi, . . . , X„/ ) + Xorb(X„' + i, . . . , X„). 

(5) // xj'^'^ U • • • U idn^ — > Xi U • • • U X„ in distribution as k oo, then 

Xorb,_R,(Xi, . . . , X„) > lim sup Xorb, _R,(XJ''\ . . . , X^*")) 
A.;— >oo 

for every R > possibly with R = oo. Hence the same assertion holds true for Xorb- 

(6) //Y, = C W*{X,), 1 < z < n, then Xorb(Xi, . . . , X„) < Xorb(Yi, . . . , Y„). 
In particular, Xorb(Xi, . . . , X„) depends only on the von Neumann subalgebras W*(X.i) 
generated by X^ in M. 

(7) //Xi and {X2, . . . , X„} are freely independent in {M, t), then Xorb(Xi, X2, . . . , X„) = 
Xorb(Xi)+Xorb(X2, . . . , X„), which tums out to be Xorb(X2, . . . , X„) when Xi has f.d.a. 
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(8) If Xorh 0^1, ■ ■ ■ ,X„) = if and only if the 's have f.d.a. and are freely independent 
in {Ai,T). 

Proof. (1)~(4) are trivial or straightforward, and left to the reader. 

(5) By the proof of [TTJ Proposition 2.6], for given m e N and (5 > we have 

Xorb,_R(x[''\ . . . ,X^'') ; N,m,6;fj.) < Xorb,i?(Xi, . . . , X„ ; 7V,rn, 25; ^i) 

< Xorb,fl(Xi, . . . , X„ ; iV, TO, 26) 

for all sufficiently large S N. Thus 

linisupXorb,_R(X^''\ . . . , X.^^^) < Xorb,_R(Xi, . . . , X„ ; TO, 26), 

implying the desired assertion. 

(6) Choose arbitrary to S N and 6 > 0. By the Kaplansky density theorem one can choose 

tuples of polynomials Pi ~ {PijYj=i S Hjii' C(Xi) in such a way that ||Pij(Xi)||oo < H^ijUoo 
and ||r„- - P,,(XO|li,r < - Py(X,)||2,r < 5/(2toL'"-1) with L := max{||y,,|U 1 1 < j < 
f{i), 1 < i < ri} + 1. Looking at the 's one can also choose m' e N and (5' > in such a way 
that if (Ai)f^i e roo(Xi U • • • U X„ ; N,m',6'), then 

\trN{P^,n (An ) ' ' ' Pnn (A J) - t{P,,,, (X,, ) • • • (X J) | < - 

for every 1 < jfc < r'{i), l<ikl!^n, l<k<l and 1 < ^ < to. Remark here that m',6' are 
independent of N by the way of finding them. If {Ai)f^i G roo(Xi U • • • U X„ ; N, to', 6'), then 

ItvNiPnj, (A,, ) • • • P,,j, (A,, )) - t{Y,,j, ■ ■ ■ Y,,j, ) I 

< ^ + |T(Pn.i(Xn) • • • P^a. (XO) - r{Y^n ' ' ' y^,n)\ 

S 8 S 

< - +;i'-imax{||Py(X,) - Y,j\\rs I 1 < J < r'it),l< i<n}<- + -^6, 

implying (P,;(A,))ILi = ((P», (A,))2?)r=i G roo(Yi U • • • U Y„ ; N,m,6). Hence, if (C/,)f^i G 
ro.b(Xi, . . . ,X„ : (A,)?^i ; ^,m',5'), i.e., {U,A,U*)2=i G r^(Xi U • • • U X„ ; N,m',6'), then 
(C/»P^(A,)[/*)JLi = (Pi(/7jAjC/*))^^i G roo(Yi U • • • U Y„ N, to, 5) by the above consideration 
so that iUi)^^i G rorb(Yi, . . . , Y„ : (P,(A,))Li ; N,m,6). Consequently 

(Xi,...,X„; 7V,m',,5') S Xorb.oo 

(Yi,...,Y„; 7V,m,5). 

Hence the desired inequality immediately follows thanks to Proposition 12.41 and Lemma 12.51 
The latter assertion is immediate. 

(7) We may and do assume that Xi has f.d.a. or equivalently Xorb(Xi) = by the above (3) 
and moreover that Xorb(X2, . . . , X„) > — oo; otherwise Xorb(Xi, . . . , X„) — —00 = Xorb(Xi) + 
Xorb(X2, . . . , X„) by the above (4). Here we need to prove only that Xorb(Xi, . . . , X„) > 
Xorb(X2, . . . , X„) thanks to the above (4) again. 

Let R > max{\\Xij\\oo | 1 < J < r{i), 1 < i < n} be fixed, and to G N, 5 > be given. One 
can choose 6' > in such a way that if Ai G r_R,(Xi ; N, m, 6') and (Ai)f^2 ^ r_R(X2 U • • • U 
X„ ; N, m, 6') are (m, 6')-bee in the sense of [12, Definition 2.10], then (Ai)f^i G rfl(Xi U • • • U 
X„ ; N, m, 6). Since Xorb,i?,(X2, . . . , X„) = Xorb(X2, . . . , X„) > -00 (due to Lemma [23]), one 
can choose a subsequence Ni < N2 < ■ ■ ■ in such a way that Xorb,_R(X2, . . . , X„ ; Nk, to, 6') > 
—00 for all fc G N and 

limsup ^Xorb,_R(X2, . . . ,X„ ; iV,TO,(5') = lim -rLxorb,fl(X2, . . . ,X„ ; Nk,m,6'). 
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For each fc e N we can choose e {{M^)j^y'^^\ 2 < i < n, in such a way that 
Xorb.K(X2, . . . , X„ ; Nk,m, S') - I < log (7^("^/ (rorb(X2, . . . , X„ : (Af ))r=2 ; Nk,m, S'))), 

and in particular, 7^^*^^^^ (rorb(Xi, . . . , X„ : (a|'^^)"^2 ! Nk,m,d')) ^ 0. Taking a subsequence 

of Nk if necessary we can choose A^*"^ e rfl(Xi ; iVfc, m, 6') for every fc S N, since Xi has f.d.a. 
For simplicity, write 

*(iVfc,m,,5) :=ro,.b(Xi,...,X„ : (Af ; iVfc, m, 5), 
<^{Nk,m,S') :=ro,b(X2,...,X„ : (Af ^^U ; iV^, m, J')- 

Define 

n{Nk,m,S') := {(C/,)r=i e U(iV)" | C/iA^'^^*, (f/,Af%;)^^2 are (m, ,5')-free} 

and 

Let (C/0?=i e U(iVfc)" be given. If {U^)2=2 e <^{Nk,m,S') and G ri(iVfc, m, 5'), then 

(C/iAp^J7*)"^j e rij(Xi, . . . , X„ ; Nk, m, 5) as seen before, which is equivalent to that {Ui)f^i € 
*(7Vfe,m,5). Consequently, (U(A^fc) x $(Affc, m, (5')) n r!(iVfc, m, 5') C ^'(Arfc, m, (5). By [H 
Corollary 2.13] there exists No £ N such that 

7u(^.)({C/i e \J{Nk) I (t/,Or=i G r!(iVfc,m,y)}) > i 
for every A^^ > Nq and (C/i)"^2 ^ U(iVfc)"~^ Hence we have 
7nm ,(*(iVfc,TO,5)) 

> (7u(w.) '»MivJ((U(iVfe) X <i>{Nk,m,6'))nn{Nk,m,d')) 

7u(w.)({f/i e U(7Vfe) I e f](7Vfc,m,<5)}) /xjv.(d(C/.)r=2) 

1 

>2 

whenever A'^ > A^o by the Fubini theorem as in Lemma 12.21 Therefore, we have 
Xorb,fl(X2, . . . , X„ ; Nk, m, 6') < log (7^(V,) ™, S'))) + 1 

<log(27^("^^)(vI/(7V,.,m,5)))+l 
< Xorb,fl.(Xi,...,X„; 7Vfc,m,(5) + log2 + l 

whenever Nk > No, and thus 

Xorb,i?,(X2, ■ ■ ■ ,X„) < limsup-^Xorb,fl(X2,...,X„; N,m,5') 

= lim --^Xorb,_R,(X2, . . . ,X„ ; 7Vfc,TO,5') 

< lim sup --2 (xorb.fl(Xi, . . . , X„ ; A^fe, m, ^) + log 2 + 1 

= lim sup -rLxorb,fl(Xi, . . . , X„ ; Nk, m, 6) 
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< limsup -7^Xorb.fl(Xi, . . . , X„ ; N,m, 5). 



Hence the desired inequality immediately follows thanks to Lemma [ 

(8) The 'if part follows from the above (7). Since — Xorb(Xi, . . . , X„) < — Xorb(Xi, . . . , X„) 
due to Proposition 12. 4[ the orbital version of Talagrand's inequality O Theorem 7.3 (9)] also 
holds for our Xorb- Hence the 'only if is immediate. A direct proof of the inequality can be 
given in the almost same way as in ^ Proposition 4.4 (8)] and is a bit simpler than that for 
Xorb! it will be outlined in the Appendix for the reader's convenience. □ 

The next corollary strengthens Lemma 12.51 

Corollary 2.7. We have Xoib(Xi, . . . , X„) = Xorb,_R,(Xi, . . . , X„) with R max{||Xy ||oo | 1 < 

j < 1 !i * ^ "■}• 

Proof. With tXi := {tXn,. . . , tXir(i)), < i < 1, we have 

Xorb,_R(Xi, . . . , X„) > limsup Xoib.fl(iXi, . . . , iX„) (by Theorem [iJ] (5)) 



~ limsup Xorb (^Xi, . . . ,tX„) (by Lemma [2. 5 1) 
= limsup Xorb (Xi, . . . ,X„) (by Theorem 12.61 (6)) 

= Xorb(Xi, . . . , X„). 

Hence we are done. □ 

The next proposition relates Xorb with free entropy x- Unfortunately we do not know whether 
or not equality holds in the proposition below except the case that every X^ consists of a single 
random variable, see [H Theorem 2.6]. This issue will be discussed further in Remark 12.91 

Proposition 2.8. We have x(Xi U • • • U X„) < Xorb(Xi, . . . ,X„) + Y.!^^ x(X^). 

Proof. By [TTJ Proposition 2.3] we may and do assume that all x(Xi)'s are finite, which implies 
that all Xi's have fd.a., see [TT| Definition 3.1 and Remark 3.2]. Let R > ma,x{\\Xij\\oo \ 1 < 
j < '''(*) 1 1 < i < n} he fixed, and for every m S N and S > there is A'o G N so that 
FflXX, ; iV,m,(5) =^ for aU 1 < i < n and all N > Nq. Since each rfl(X, ; N,m,d) is 
clearly open, we observe that the Lebesgue measure Aff''^\rR(Ki] N,m,S)) is nonzero for 
every 1 < i < n and every N > Nq. Hence we have the probability measures 

i<,<n (ri?,(X, ; N,m,d)) ) 

1 ■'5?)(r(l)H Vr{n)) 



K'•S\r\^)^ vryn)) k in r\ 



nr=iAr^^(rH(X.;7V,m,5)) 
with N > Nq. When iV > iVo, one has 

Xorb,_R,(Xi,...,X„; N,m,d) > Xorb,fl,(Xi, . . . , X„ ; N,m,S; VR{N,m,S)) 
= log ((7§('5v) ® A^<'-''^+-+'^^"»)($^^(rK(Xi U . . . U X„ ; TV, m, S)))) 

n 

^^log(A^'-«(r^(X,;iV,™,5)), 

i=l 

that is, 

log ((7U(^) ® A^('-(^)+-+'-("»)($]^i(r;,,(Xi U . . . U X„ ; iV, m, 6)))) 
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n 

2 = 1 



<Xorb,fl(Xi,...,X„; 7V,m,5) + Vlog(A^''W(r;j(X,; 7V,m,(5)) (2.6) 



for every m € N and every S > 0. Let (C/i)"^i € U(A^)" be arbitrarily fixed, and then the 
(C^O"=i-section of $^^(ri^(Xi U • • • U X„ ; TV, m, (5) defined to be 

{(AOr=i I ^Nm)U, (A.)r=i) e r;^(Xi U • • • □ X„ ; iV, m, S)} 
clearly becomes (J7*)f^i • TaiXi U • • • U X„ ; TV, m, (5) • (C/i)"=i- Hence we get 
il^iN) ® A^('^(i)+-+'^("»)($^i(r«(Xi U . . . U X„ ; TV, m, S))) 

• r;,XXi U . . . U X„ ; TV,m,5) . (C/,)r=i) rf7?(lv) 

U(7V)" 

(p^(Xi U . . . U X„ ; TV, m, S)) ) 

U(Ar)" 

= A^('^(^)+-+'-("» (r;,(Xi U . . . U X„ ; TV, m, J)) 

as in Lemnia[221 since (Ai)"^^ n- (?7*)i=i • (Aj)"^^ • (C/i)"=i = (f^i* Ai?7i) -Li induces an orthog- 
onal transform on ni<i<n("^^^)'^'"*'' ■ taking the limit as m oo, S \ after taking the 
limit superior as TV — > oo of (|2.6I) plus 2. log TV we get the desired inequality thanks to Lemma 
23] and [TTl Proposition 2.4]. □ 



Remark 2.9. Here we assume that each X^ has f.d.a., that is, for every m € N and 5 > there 
is Nm,s & N such that for every TV > TV,„^5 and every 1 < i < n one has rfl,(X,; ; TV, m,(5) ^ 
and hence A®''^'^(rK(X,; ; TV, m, 6)) ^ with R > max{\\X^j\\^ 1 1 < j < r{i), l<i<n}. Thus 
we have the 'uniform' probability measures vi^{N ,m,6) on ni<i<Ti ^■^(-Xi ; N,m,S) given as 
p.Sp for every TV > Nm.s- For every TV > TV^^^ we have 



Xorb,fl(Xi, . . . , X„ ; N,m,6; vr{N, to, S)) 

= log ((7?(lv) ® A^('-(^)+-+'-("»)(<i>^i(r;vXXi U . . . U X„ ; TV, TO, 5)))) 

■n. 

-^log(A^'^«(rfl(X,;TV,TO,<5)), 

i=l 

and hence 

n 

Xorb,fl(Xi,...,X„; TV,m,5; z/^(TV, m, 5)) + ^ log(A^''^'^ (r;j(X, ; TV, to, 5)) 

1=1 

= log (A^('-(^)+-+'-("»(r«(Xi U . . . U X„ ; TV,TO,5))) 



as in the proof of Proposition 12. 81 This equality may be viewed as a microscopic version of the 
desired 'equality'. Hence, if the limit superior as TV — )■ oo in the definition of every x(Xi;) could 
be replaced by the limit, then the quantity 

C := sup lim limsup -|^Xorb,_R(Xi, . . . , X„ ; TV, m, 5 ; z/_r(TV, m, 5)) 

fl>0™\jo° N^oo TV^ 

would satisfy that x(Xi U • • • U X„) = C + X]"=i x(Xi). Moreover, its ultrafiltcr variant C"^ 
with replacing the limit superior as TV — > oo by the limit as TV — >■ w clearly satisfies that 
X'^(Xi U • • • U X„) = C"^ + X;r=i X'^(Xj). It would be nice if the above quantity C and Xorb 
turned out to be the same quantity. However, we cannot say anything about this at the moment. 
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3. Conditional Variant Xorb(Xi, . . . , X„ : v) 

As in the previous section, let = (Xn, . . . , Xir{i)), 1 < i < n he arbitrary random 
multi- variables in (M,t). Let v = (vi, . . . ,Vs) be an s-tuple of unitaries in (A^,t). The 
set of microstates rfl(Xi U • • • U X„,v; N, 111,6) is defined to be all the {{Ai)2^^, (^)f=i) S 
I\7=iiiM N)Ry'-'^ X ^{Ny such that 

|trAr(/l(Aii, . . . , . . . , Anl,. . ■ , A„r(n), ^1, • • ■ , Vs)) 

— T{h{Xii, . . . , Xir{l), • • • , Xnl, • • ■ , Xnr(n),'Vl, . . . , Ws)))| < S 

for every *-monomial h in (7'(1) + ■ ■ ■ + r{n) + s) indeterminates of degree not greater than 
m. Denote by rfl(Xi U • • • U X„ : v; N,m,S) the set of all {A,)^^^ e U"=iiiMW) rY^'^ 
such that ((A,)f^i, (F^Li) e Tr{Xi U • • • U X„, v ; TV, to, 5) for some (V^OLi G U(7V)^ For 
given multi-matrices — G the set of orbital microstates 

rorb(Xi, . . . , X„ : (Ai)"^j : ^r ; N,m,6) in presence of v is defined to be all (C/i)r=i G U(7V)" 
such that {UiAiU*)2^i € roo(Xi U • • • U X„ : v ; N,m,S). With these notations the orbital free 
entropy Xorb(Xi, . . . , X„ : v) o/Xi, . . . , X„ in presence ofv is defined in the exactly same way 
as in Definition 12.11 with replacing rfl(Xi, . . . , X„ ; N, to, 5) by rij(Xi, . . . , X„ : v ; N,m,6). 
Clearly Lemma 12.21 still holds in this setting; namely one has 

hviN) ® f^K'^N^rniX, U • • • U X„ : V ; iV, to, Sjj) 

7mW) (rorb(Xi, . . . , X„ : (A,)Li : v ; TV, to, S)) dfi 

nr=i((A^« )«)'■<•' 

7^^) (rorb(Xi, . . . , X„ : (A,)Li : V ; iV, m, S)) 

nr=irfl(X. ;Ar,m,5) 

holds for every probability measure fj, G ^(nr=i(-^^w )'^*'*'')- Hence we can prove the same 
assertions as Proposition 12. 3[ Proposition 12.41 and Lemma 12.51 even for Xorb (Xi , . . . , X„ : v) 
by the same arguments there with obvious modifications (e.g. replacing ForblXi, . . . , X„ : 
(Aj)"^^ ; N, TO, S) there by rorb(Xi, . . . , X„ : (Ai)"^^ : v ; iV, to, S j). In particular, the present 
definition of Xorb(Xi, . . . , X„ : v) completely agrees with the previous one in [4]. 

The variant Xorb(Xi, . . . ,X„ : v) is necessary in the next section to define the (modified) 
orbital free entropy dimension 5o,orb(X, . . . , X„). For the purpose we provide the next two 
facts, which generalize the previous ones [H Propositions 4.6, 4.7] to arbitrary random multi- 
variables. Note that the first one may be regarded as the Xorb-counterpart of [13[ Proposition 
10.4]. 

Theorem 3.1. Let v = (vi ,...,?;„) be a freely independent n-tuple of unitary random variables 
in (7W,r) with Xu(vi) > —00 for all 1 < i < n, where Xu{—) means free entropy of unitary 
random variables, see [S] §6.5]. //Xi U • • • U X„ are freely independent of v in {M.,t), then 

Xorb(Xi, . . . ,X„) < Xorb(i'iXii;^, . . . ,u„X„i;* : v) < Xorb(wiXit;5;, . . . , ?;„X„w*). 

Proof. The second inequality is trivial; hence it suffices to prove the first. 

Set R max{||Xij||oo 1 1 < J < f'(*),l < « < "■}■ Let to e N and (5 > be arbitrary. 
We can choose i5' > in such a way that for every TV g N we have: If (A^)"^]^ € Ffl;(Xi U 
• • • U X„ ; iV, TO, 5') and {V^)'^^^ G F(v ; TV, 2to, 5') are (3to, 5')-bee, then {{V.A.V*)'^^^, (^^)Ll) 
falls in Fi^(wiXiw^ U • • • U u„X„w* , v ; N,m,S). Here F(v ; N, 2m, S') denotes all the n-tuples 
oi N X N unitary matrices (Vi)f^]^ such that 

\t^N{V^'---V^')-T{vt^---vt'^)\<S' 

whenever 1 < ii, ■ ■ ■ ,ii < n, ei, ...,£/ G {1, *} and 1 < Z < 2to. 
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We may and do assume that Xorb,fl(Xi, . . . , X„) = Xorb(Xi, . . . , X„) > —oo (due to Corol- 
lary d??!)- Then there is a subsequence Ni < N2 < ■ ■ ■ so that Xorb,fl(Xi, . . . , X„ ; Nk,m, 6') > 
—00 for all fc e N and 

limsup -r^Xorb,_R(Xi, . . . , X„ ; N,m,S') = lim -^Xorb,_R(Xi, . . . ,X„ ; Nk,m,S'). 

For each fc e N one can choose a''''' € {{M^)iiY^'^\ 1 < * < J^, in such a way that 
Xorb,fl(Xi, . . . , X„ ; Nk, m, 5')-l< log (7^^^) (ForblXi, . . . , X„ : (Af ; iV,, m, <5'))) • 

Then the exactly same argument as in the proof of 4, Proposition 4.6] with replacing iV, 
Si(iV)'s, p and (5 there by iVfc, Ap'''s, 5 and 5', respectively, shows that 
1^ 
2' 



< ig^iv) {yoAvil^ivl z;„X„< : (Af : v ; iV,, m, ,5)) 



for all sufficiently large fc e N. Therefore, we have 
Xorb(Xi, . . . , X„) = Xorb,fl(Xi, . . . , X„) (by Corollary[121) 

< lim --i^Xorb,_R,(Xi,...,X„; A^fc,TO,5') 



< lim sup —2 ^ 

< limsup -^Xorb,i?,('UiXii;i, . . . , u„X„w* ■.v;N,m, S), 



log(7uw(rorb(t;iXi«i*,...,t;„X„< : {a\'^)7=i : v; iVfc,m,<5))) +log2 + l 



from which the desired assertion immediately follows. □ 

Proposition 3.2. Let v — (vi, . . . ,Vn) be a freely independent n-tuple of unitary random 
variables in (7M,t). //XiU(tii) is freely independent of 1^-2^ ■■ '^^2^ {^2, ■■■ ,Vn) in {A4,t), 
then 

Xorb(Xi, . . . ,X„ : v) = Xorb(Xi, : vi) + Xorb(X2, . . . ,X„ : i;2, • ■ • 
whenever (Xi,ui) is regular, which means that 

Xorb(Xi : vi) = Xorb,_R(Xi : vi) = lim liminf -^Xorb,i?(Xi : ui ; A^, m, S) 

m^oo A* — voo iV 

holds as long as R> max{ 1 1 1 1 00 | 1 < J < ''(I)}- 

Proof. Since inequality '<' in the desired assertion trivially holds, it suffices to prove the reverse 
'>' under the assumption that both Xorb(Xi : vi) > —00 and Xorb(X2, . . . , X„ : W2, • • • , Vn) > 
—00; otherwise it is trivial. 

Let R > max{||Xij||oo 1 1 < j < r{i),l < i < n} be fixed. Let to e N and (5 > be 
arbitrary. We can choose S' > m such a way that for every TV e N we have: If (Ai, T^) & 
rfl(XiU(t.i); 7V,TO,<5') and ((A,)f^2, (V-)f^2) € rfl(X2 U • • • U X„, («2, . . . , z;„) ; TV, m, 5') are 
(to, (5')-free, then ((A,)?=i, iV,)^^^) falls in r^j(Xi U • • • U X„,v; N,m,S). 

Since Xorb,_R(X2, . . . ,X„ : W2, . . . ,u„) = Xorb(X2, . . . ,X„ : V2,.. . > -00 (due to the 
Xorb( — : v)-counterpart of Lemma [2. 5p . one can choose a subsequence iVi < iV2 < • • • in such 
a way that Xorb,fl(X2, . . . , X„ : V2, ■ ■ ■ ,Vn ; Nk,m, 5') > —00 for all fc G N and 



limsup -^Xorb,fl(X2, ...,Xn:v2,---,v„;N,m,d') 
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= 1™ -rL-Xorb,_R(X2,...,X„ : i;2,...,W„; iVfe,"T-, 5')- 

Taking a subsequence of Nk if necessary we may and do assume that Xorb,_R(Xi : vi ; Nk, m, d') > 
—oo for all fc e N, since (Xi , wi) is regular. Then one can choose a|*''' S ((Af|f ) rY^^'' , ^ < i < n, 
in such a way that 

Xorb,fl(Xi : vi ; Nk, 171,6') - 1 < Xorb(Xi : A^'''' : wi ; Nk,m,S'), 
Xorb,fl(X2, . . . ,X„ : (u2, . . . ,u„) ; Nk,m,6') - 1 

<Xorb(X2,...,X„ : (Af))r=2 : {v2, ■ ■ ■ ,Vn) ; Nk,m,S'). 

With letting 

$(7Vfe,TO,5') rorb(Xi : Ai'^^ : vi; Nk,m,S') 

xro,.b(X2,...,X„ : (Af^)r=2 : {v2,---,Vn); Nk,m,6'), 

^iNk,m,6) :=rorb(Xi,...,X„ : (Af))^^i : v; Nk,m,S) 

the exactly same argument as in the proof of (4j Eq.(4.7)] with replacing N, Ei{N)'s, p and 6 
there by Nu, A^'^^'s, 5 and 5' , respectively, shows that 

lt(N,)^'^i^k,m,5)n<^{Nu,m,5')) ^ i 

for all sufficiently large /c £ N. Therefore, we have 
limsup --^Xorb.fl(Xi, . . . , X„ : V ; iV, m, 5) 

> limsup — 2Xorb,i?.(Xi, . . . , X„ : v ; Nk, m, S) 

> ih^sup log (j^- {^{Nk, m, S))) 

k—^oo k 

> limsup [log (7§" ) ($(iVfe, m, 5')))- log 2 

> l^inf ]^ log (7u(A'fc)(rorb(Xi : A^''^ : vi ; Nk,m,S'))^ 

+ ^lim ^ log (7^('^^^) (rorb(X2, . . . , X„ : (Af ))r=2 : (^^2, • • • , «n) ; N^, m, 5'))) 

> Iminf -^(^Xorb,_R(Xi : wi ; Nk,m,5')) - 1^ 

+ lim -^(xorb.fl(X2, . . . ,X„ : (w2,...,w„); Nk,m,5') - l] 

> liminf -r7^Xoib,_R(Xi : vi ; N,m,S')) 

AT— i-oo I\ ^ 

+ limsup -r77Xorb.fl(X2, . . . ,X„ : (w2, ...,«„) ; iV, m, (5') 

> Xorb(Xi : ui) + Xorb(X2, . . . ,X„ : (■l;2, •■•,««)), 

where the last inequality follows from the regularity assumption on (Xi, v\) together with the 



Xorb( — : v)-counterpart of Lemma [2.51 Hence we are done. □ 
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4. Orbital Free Entropy Dimension (5o,orb(Xi, . . . ,X„) 

With the materials that we have provided so far we can generahze orbital free entropy 
dimension <5o orb to arbitrary random multi-variables = {Xn, . . . , Xir(i)), 1 < i < n, in 
(X,t). 

Definition 4.1. Let v(t) — (wi(t), . . . ,w„(i)), t > 0, be a freely independent n-tuple of multi- 
plicative free unitary Brownian motions in {Ai, r) (see 0) starting at 1 = (1,...,1), which are 
chosen to he freely independent of Xi U • • • U X„ in {AA , t) . The (modified) orbital free entropy 
dimension of Xi, . . . , X„ is defined to be 

do,orb(Xi, . . . ,X„) :=:limsup j=- . 

e\o I log Ve\ 

We need a simple lemma. 

Lemma 4.2. Let X = (Xi, . . . , Xr) be a random multi-variable that has f.d.a., and v be a 

unitary random variable with > — oo. Then (X, w) is regular in the sense of Proposition 

\3.S[ and moreover XorhO^ : v) — 0. 

Proof. Let R > max{||Xj||oo \ i < j <r} he fixed, and to e N, (5 > be arbitrary. The exactly 
same argument as in the proof of |H Proposition 4.6] shows that there is J' > such that for 
all sufficiently large N €N one can choose A^^'' G rfl(X ; N, to, S), and then 

^7u(JV)(rorb(X : ; N,m,d')) < 7u(jv) (rorb(fX«* : A^ ■.v;N,m,6)) 

holds. Clearly ForblX : A^^-' ; N,m,S') — \J{N), and the desired assertion is immediate. □ 

Here are fundamental properties of Jo.orb- With the above lemma the exactly same pattern 
of arguments as in [T, Proposition 5.3] works well for showing the next proposition. 

Proposition 4.3. We have: 

(1) ,5o,orb(Xi,...,X„) < 0. 

(2) (5o,orb(X) — ifK. has f.d.a. 

(3) (5o,orb(Xi, . . . , X„', X„/ + i, . . . , X„) < s 

O,orb 1,-^1 5 ■ • • 1 -^7i' ) + '^0,orb(X 

(4) // Y, = (FyOjl' ^ W*{Xn), l<t<n, then ,5o,orb(Xi, . . . ,X„) < (5o,orb(Yi, . . . , Y„). 
Ln particular, (5o,orb(Xi, . . . , X„) depends only on VF*(Xi), . . . , PF*(X„). 

(5) -(f Xorb(Xi, . . . , X„) > — oo, then (5o,orb(Xi, . . . , X„) = 0. This is the case when the 
Xi 's have f.d.a. and are freely independent in {Ai, t). 

(6) // Xi and X2 U • • • U X„ are freely independent in (M, r) and if Xi has f.d.a., then 

<^0,orb(Xi, X2, . . . , X„) = (5o,orb(X2, . . . , X„). 

Proof. (1) and (3) are trivial. (2) follows from Lemma (4) needs only to prove the Xorb(— : 
v)-counterpart of Theorem 12.61 (6); the same proof with obvious modifications works to do so. 
(5) follows from Theorem 13.11 since Xu{vi{e)) > —00 for every e > 0. Finally (6) follows from 
Proposition 13.21 with the help of Lemma 14.21 □ 

It is natural to examine how Jung's covering/packing approach to works for (5o,orb as 

in [21 §5] without the hyperfiniteness assumption. Here is a new definition of ^i^orb- (See §5] 
for a brief explanation on covering/packing numbers in metric spaces.) 

Definition 4.4. For each R > possibly with R — 00, each N,m €z N and d,e > we define 
K°%{Xi,...,Xn;N,m,S) 
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:= sup log (ife(rorb(Xi, . . . , X„ : (A,)r=i ; N, m, S) 
A,e((A/-)„)'-(') ^ 

:= sup log(i^,(rorb(Xi,...,X„ : (AO^^i; iV,TO,5))), 

AiEF rt{Xi ■ N,m,S) ^ ' 

^°;-}^(Xi,...,X„;7V,m,^) 

sup log(Pe(rorb(Xi,...,X„ : (AOr=i; iV,m,^))) 

A,e((Af-)H)'-(') ^ ' 

:= sup log(p,(ro,.b(Xi,...,X„ : (A,)r=i; A^,™,^)) 

K°;-^(Xi, . . . , X„) Jirn^ limsup -1k-]^(Xi, . . . , X„ ; TV, m, ,5), 
-°:^(Xi, . . . , X„) Jirn^ limsup ^p-^(Xi, . . . , X„ ; TV, m, 5), 



TV2 



K-'^(Xi,...,X„) := sup ]K™^(Xi,...,X„), 

0<i?<oo 

Pr'^Xi,...,X„) sup P°;-}^(Xi,...,X„). 

0<7?<oo 

_ffere -ft'e(r) anc? Pe(r) /or a subset T in the metric space U(A^)" equipped with the metric 
'^2((CA)iLi, (^i)"=i) := ^X]"=i ll^^j ~ ^illtrjv 2 denotc the minimal number of e-halls that coverT 
and the maximal number of disjoint e-balls inside T, respectively. (Note that Pe(r) > ^2e(r) ^ 
P4e(r) holds in general.) Then we define 

x r-v Y \ r ^"'^(Xi, . . . ,X„) P°''^(Xi, . . . , X„) 

di,orb(Xi, . . . ,X„) := limsup j n = limsup j n. 

6\o loge e^o loge 



The next lemma can be shown in the exactly same way as in the proof of Proposition 12. 51 

Lemma 4.5. If R > max{||Xy ||oo 1 1 < j < 1 possibly with R = oo, then 

Kf'^(Xi,...,X„) = K-b(Xi,...,X„) and Pf ^(Xi, . . . , X„) = P-]^(Xi, . . . , X„) for every 
e > 0. 

The next proposition shows that Jung's approach still works well for (5o.oib(Xi, . . . , X„) of 
arbitrary random multi- variables Xi, . . . , X„. 

Proposition 4.6. We have (5o,orb(Xi, . . . ,X„) — (5i,orb(Xi, . . . ,X„). 

Proof. Let R > max{||Xy ||oo 1 1 < j < r{i), 1 < i < n} be fixed throughout. 

By [21 Lemma 8] there is if > so that \\vi{t) - < Ky/i for every < < < 1. Set 
C + 

Let us first prove inequality '>' in the desired assertion. Let TV, w G N and J > be arbitrary 
with e < 1. Then we can choose < <5' < minje, 6} in such a way that for every iV S N we 
have: If {A^)f^^ e ri?(Xi U • • • U X„ ; TV, m, (5') and (V^»)r=i € r(v(e) ; N,m,S') are (3m, (5')- 
free, then ((F,A,T/;)f^i, (V,)^^^) falls mTR{vi{e)XiVi{e)*U- ■ •Ui;„(e)X„«„(£)*, v(£) ; N,m,S), 
implying that {V,A,V*)f^^ € rfl(?;i(e)Xii;i(e)* U- • •Uz;„(£)X„v„(e)* : v(e) ; N,m,S). We may 
and do assume that (Si,oib(Xi, . . . , X„) > — oo. Thanks to Lemma 1431 there is a subsequence 
TVi < iVa < • • • such that P"^ „(Xi, . . . , X„ ; Nk,m, S') > -oo for aU fc € N and 

1™ sup ^P°%;^.«(Xi , . . . , X„ ; TV, m, <5') = Ji^^ ^^^'^.^(Xi , . . . , X„ ; TV, , m, ^ ). 
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Then for each /c g N one can choose Af^ e {(M'^)rY'-^\ l<i< n, in such a way that 



< log (^2v^(rorb(Xi, . . . , X„ : (Af ;Nk,m,5'))). 



The argument proving [4, Eq.(5.4)-(5.6)] with replacing TV, E!i(A^)'s, 6 and p there by Nk, A^*^'' 's, 
S' and (5, respectively, shows that 

1 

2^ 



;^2Vc;ii(rorb(Xi,...,X„ : (Af 7V,,™,5')) X7?('kr,)(r(v(£); TVfe,™,^)) 
<7?(\)(rorb(«i(£)Xit;i(£)*,...,«„(£)X„z;„(£)* : (A^ : v(£) ; iV^, m, J)) 



for all sufficiently large /c e N. Therefore, we have 

limsup --^Xorb,_R.(«i(e)XiWi(£)*, . . . ,w„(e)X„w„(e)* : v(e) ; N,m,5) 



limsup -^log ('7§"jY^)(rorb(wi(£)Xii;i(e)*, . . . , ■!;„(e)X„i;„(£)* : 

(Af))r=i :v(£);iV,,m,<5))) 



> 



1 



> limsup log (P2^(ro,b(Xi, . . . , X„ : {Af'^)U ^ Nk,m, S'))) 



+ log (7?(\) (r(v(£) ; ^fe, m, y))) - log 2 



>liminf-l2log (P2v^(ro.b(Xi,...,X„ : (a|'-))ILi ; TV,, m, <5'))) 



+ liminf ^ log (7§("^^) (r(v(e) ; iV,, m, S'))) 

k 



> liminf ^ (p°'^^^(Xi, . . . , X„ ; Nk, m, (5') - l) 



+ liminf ^ log (7?('V^) (r(v(e) ; iV,, m, 5'))) 
- -^^2VC^J^^' ■ • ■ , X„ ; iV,, m, J') + liminf log (7^("^^, (r(v(e) ; iV,, m, ^'))) 

A; k 
n 

>P°%^(Xi,...,X„) + ExnK(e)), 

1=1 

where we use Lemma |4 . 5 1 and |4l Lemma 5.5] in the last line. This implies the desired inequality 
as in the proof of 4, Proposition 5.6]. 

Let us next prove inequality '<' in the desired assertion. To do so it suffices to prove that 

Xorb(«i(e)Xit-i(£)*, . . . , Vn{s)XnV„iey : v{e)) < K^(Xi, . . . , X„) + n log Vi+ Const. 

for every e > 0. We may and do assume that Xorh{vi{s)'X.iVi{e)* , . . . , u„(£)X„ «„(£)* : v(£)) > 
~oo. Let m e N and (5 > be arbitrary. Thanks to the Xorb(~ '■ v)-counterpart of Lemma 
12.51 there is a subsequence Ni < N2 < ■ ■ ■ such that Xoib,R{,vi{e)'X.iVi{e)* , . . . , i'„(£)X„u„(£)* : 
v(£) ; Nk, 3m, 6) > -00 for all fc G N and 

limsup -^Xorb,fl(wi(£)Xii;i (£)*,..., u„(£)X„t;„(£)* : v(£) ; N,3m,S) 
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= lim -—^Xorh.R{vi{e)XiVi{e)*,...,Vn{e)XnVn{e)*:v{e);Nk,3m,S). 

For each fc e N one can choose Aj-*^-* e ((M^)^)^'''^'^ 1 < i < n, in such a way that 
Xorb,fl(wi(£)XiWi(e)*, . . . ,w„(e)X„w„(e)* : v(e) ; 7Vfe,3m,(5) - 1 

<log(7?(V,)(rorb(i^i(£)Xiz;i(£)*,...,i;„(£)X„i;„(e)* : (A^ : v(£) ; TV,, 377i, 5))^ 
Then the last half of the proof of [3J Proposition 5.6] with replacing N and Si(iV)'s there by 

(k) 

Nk and AJ s, respectively, shows that 

7u(\)(rorb(i;i(£)Xii;i(£)*,...,i;„(e)X„z;„(e)* : (A^ : v(e) ; JV^, 3m, ^)) 

<X^(rorb(Xi,...X„ : (Af))^^i; iVfc,m,(5)) x + 1) Vi)"^' 

for some C" > 0, which is independent of fc G N. Therefore, we have 

Xorb(wi(£)Xitii(£)*, . . . ,'(;„(e)X„w„(£)* : v(£)) 
= Xorb,_R.('^i(£)XiVi(e)*, . . . , w„(e)X„u„(e)* : v(£)) 

< lim -^Xorb,_R(wi(£)Xii;i(£)*, ... ,u„(£)X„ «„(£)*: v(£) ; A^fc,3m, (5) 

/c— foo I\ f 



1 r 

isup- 



< limsup 



< 



< 



< 



log (7^[^^)(rorb(wi(£)Xi «!(£)*, . . .,Vn{e)XnVn{ey I 

(Af )r=i:v(£);7V,,3m,^)))+l^ 
limsup-^ log (ify^(rorb(Xi,---X„ : (Af ; iV,., m, ,5)))1 + n log Vi+ Const. 

limsup — I^Ky^ j^(Xi, • • • X„ ; Nk,m,6) + nlogy^ + Const. 

fc— >oo -'*fc ' 

limsup -^K°;i^(Xi,---X„; TV, m, 5)1 + n log + Const., 



where the first equality is due to the Xorb(— ■ v)-counterpart of Lemma l2.5l This together with 
Lemma 14.51 immediately implies the desired inequality. □ 

As mentioned in the introduction it was shown in [T, Theorem 5.8] that 

n 

'^o(Xi, . . . , X„) = 5o,orb(Xi, . . . , X„) + ^ So(Ki) 

i=l 

holds for arbitrary hyperfinite random multi- variables Xi,...,X„. It would be nice if one 
could prove even inequality '<' in the above without the hyperfiniteness assumption. However, 
it seems difficult at the moment to do so; one reason is that the proof of [H Theorem 5.8] heavily 
depends upon the thorough investigation on (5o(X) when W^*(X) is hyperfinite due to Jung [7]. 



Appendix: Talagrand's Inequality for Xorb 

Set R := ma.x{\\Xij\\rx, | 1 < i < 1 < i < n}. Let Ab. be the universal free product C*- 
algebra of r(l) + • • • + r(n)-copies of C[—R, R]. Then we can define the tracial states T(Xi x„) 
and rp^° ^ ^ on Ar as in the proof of ^ Proposition 4.4 (8)]. We may and do assume that 
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Xorb(Xi, . . . , X„) > — oo. Then one can choose a subsequence iVi < iV2 < • • • in such a way 
that Xorb,_R(Xi, . . . , X„ ; Nm, m, 1/m) > — oo for every m € N and 

Xorb(Xi, . . . ,X„) = lim -^Xorb,i?,(Xi,...,X„; iVm,m, 1/m), 

where Corohary 12.71 is used. Remark that it makes no change to replace U(iV) by SU(A'') 
in Proposition 12.41 (In fact, this fohows from that the inverse image of rorb(Xi, . . . , X„ : 
(Ai)Li ; N,m,5) under the surjection (C, G T x SU(iV) ^ (V e 1]{N) is the product of 
T and SU(7V) n rorb(Xi, . . . ,X„ : (A,)^^i ; N,m,5) and that the push-forward of the Haar 
probability measure of T x SU(iV) under the surjection is 7u(Af)-) Thus, for each m e N one 
can choose aI™-* g in such a way that 

Xorb,i?(Xi, . . . , X„ ; iV™, TO, 1/to) - 1< fog (7|u(Ar„) (r™)) 

with Tm '■= SU(iVm) n roib(Xi, . . . , X„ : (a|™^)"^;^ ; Nm, m, 1/m). The same argument as in 
[H §3 and Proposition 4.4 (8)] with replacing Ei^N^ys there by A^^^'s shows that 



W^2,froo(T(Xi....,x„),Txi x„)) < 4i?hminf 



< 4i?J-limsup -^(xorb,_R(Xi, . . . ,X„ ; Nm.rn, 1/to) - l) 



[1 
[2 

[3 

[4: 

[5 

[6: 

[7] 

[8 
[9 

[lo; 
[11 

[12 
[13 



= 4i?A/-Xorb(Xi, . . . ,X„). 
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